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Abstract 

The rotating reference system {fJ. r }, along with the two-point correlation functions (CFs) and 
energy density, is defined and used as the basis for investigating thermal effects observed by a 
detector rotating through random classical zero-point radiation. The reference system consists of 
Frenet -Serret orthogonal tetrads fi T . At each proper time r the rotating detector is at rest and 
has a constant acceleration vector at the /i T . 

The two-point CFs and the energy density at the rotating reference system should be periodic 
with the period T = ^y, where ft is an angular detector velocity, because CF and energy density 
measurements is one of the tools the detector can use to justify the periodicity of its motion. The 
CFs have been calculated for both electromagnetic and massless scalar fields in two cases, with and 
without taking this periodicity into consideration. It turned out that only periodic CFs have some 
thermal features and particularly the Planck's factor with the temperature T rot = 2 nk B ^ B * s ^ e 
Boltzman constant). 

Regarding to the energy density of both electromagnetic and massless scalar field it is shown that 
the detector rotating in the zero-point radiation observes not only this original zero-point radiation 
but , above that, also the radiation which would have been observed by an inertial detector in 
the thermal bath with the Plank's spectrum at the temperature T rot . This effect is masked by 
factor |(47 2 — I) for the electromagnetic field and |(47 2 — I) for the massless scalar field, where 
7 = (1 — (^F) 2 ) -1 / 2 . Appearance of these masking factors is connected with the fact that rotation is 
defined by two parameters, angular velocity and the radius of rotation, in contrast with a uniformly 
accelerated linear motion which is defined by only one parameter, acceleration a. 

Our calculations involve classical point of view only and to the best of our knowledge the results 
have not been reported in quantum theory yet. 



1 Introduction 



This article is focused on investigations of the thermal effects connected with rotation of a 
classical detector moving through a random classical zero-point field. The case of a linear uniformly 
accelerated detector has been investigated and used in many works [U O O E] . The rotation , to 
the best of our knowledge, has not been considered in random classical radiation. It was studied in 
quantum case and only for the massless scalar field, particularly in connection with rotating vacuum 
puzzle [THJ [33] and different coordinate mappings. 

Our approach in CF calculation is very close but not identical to the method developed in [IJ [2] 
for uniformly accelerated detectors and also comes from the ideas developed in [15] and|32j. 

The observations made by the rotating detector are described in the non-inertial reference system 
consisting of instantaneous inertial reference frames and mathematically defined as tetrads at each 
moment of the detector proper time. Along with such reference system the two-point correlation 
functions of the electromagnetic and scalar massless field and one-point energy density of these fields 
are defined and analyzed for zero-point radiation. 

The article is organized as follows. In section [2] we explicitly show the relationship between the 
components of the electromagnetic field measured at a tetrad and in the laboratory coordinate sys- 
tem. In section [3] the Frennet-Seret orthogonal tetrads connected with a rotating point-like detector 
are defined and its merits for our problems compared with the Fermi- Walker tetrads are discussed. 
The CFs of the electromagnetic field at the rotating detector moving through the classical zero-point 
electromagnetic filed are considered in section H] and their expressions are presented in terms of ele- 
mentary functions. In section [5] these CFs and the energy density measured by the rotating detector 
are analyzed taking into consideration periodicity of these functions and then using the Abel-Plana 
summation function. Due to the periodicity of the motion , the observer rotating through a zero-point 
electromagnetic radiation sees the energy density, which would have have been observed by an iner- 
tial observer moving in a thermal bath at the temperature T rot = Ml, and multiplied by the factor 
|(47 2 — 1). For the classical massless scalar zero-point field the CF, energy density, and their thermal 
properties connected with the periodicity are investigated in the section [6j Calculation details are 
presented in Appendix. 
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2 Tetrads and Measurements by a Rotating Detector 

We will start from the case of random classical electromagnetic field. A local inertial system 
of a rotating point-like detector (observer ) is associated with an orthogonal tetrad \x of four vectors 
fJ^uy a = 1)2,3,4, defined at its location. The tensor of electromagnetic field, F^., defined at this 
point, may be resolved along these frame vectors according to the following formula |15j 

F ik = $>$F m fr). (1) 

The components 

F{ab)U*) =4*) F ik- (2) 

are scalars under coordinate transformations. But they clearly transform upon change of orthogonal 
tetrads [i according to the local (that is defined at the same point) Lorentz transformations. The 
electric and magnetic fields, Er a -\ and Hn,), measured by a rotating detector are defined in terms of 
the components F( ab y. 

(£ (a) Gu)) = (F (41) (m), JWaO.^Wm)), (tf(a)M) = F(23)(ri,F(3l)(ri,F(l2)(»))- (3) 

They do not depend on the coordinate system and are connected with a tetrad. 

If the tetrad vectors ^ l r a \, a, = 1, 2, 3, 4, of a reference frame (i and the electromagnetic field state 
Fik are specified in the laboratory coordinate system then according to ([2]) the electric and magnetic 
fields at a rotating detector can be expressed in terms of the electric and magnetic fields in the labo- 
ratory coordinate system. It will be done in the next sections to calculate CFs. 

3 The Definition of the Local Reference Frame (Tetrad) for a Ro- 
tating Detector 

There are different ways to define orthogonal tetrads [32] ,[H]. Tetrads with the time component 
proportional to 4-vector velocity of an observer define reference frames in which the observer is at 
rest. There are two types of such tetrads. The so called not rotating tetrads are described by the 
Fermi- Walker equations and are used to explain the Thomas procession [25] ■ Frenet-Serret orthogonal 
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tetrads give an example of so called rotating tetrads and may also be used for observations [27j . 

In this publication the reference frames \x T are defined as Frenet-Serret orthogonal tetrads on the 
world line of the rotating detector . For the rotating detector, with 4-vector velocity 

IP = c (-£7 sin a, £7 cos a, 0,7), a = 7 r, 7 = (1 - ^L)V2 j (4) 

& 

the four vectors of a Frenet-Serret orthogonal tetrad have been found to be (Appendix |A|) 

fAi) = (cos a, sin a, 0, 0), 
/•*(2) = (—7 sin a, 7 cos a, 0, 7). 

m{ 3) = (0,0,1,0), 

M(4) = — • (5) 

In the local reference frames, defined by these tetrads, the detector is at rest at any proper time r 
because 

U {a) = v\ a) Ut = n\ a) U k g ik = (0, 0, 0, -c) . (6) 

and 4-vector acceleration of the detector in it 

U(a) =tf{a)Ui = fj\ a) U k g i k = {-an 2 1 2 , 0,0,0), g ik = diag(l, 1, 1, -1) (7) 

is constant in both magnitude and direction 

£7 (a) = (-anV, 0, 0, 0) = (-afi 2 7 2 , 0, 0, 0). (8) 

Unlike Frenet-Serret tetrads Fermi-Walker tetrads do not have this feature. In the reference frame 
associated with a Fermi- Walker tetrad the 4-vector acceleration is not constant in neither direction 
nor magnitude 

U( a ) = e {a)l Ui = (-aQ 2 -f 2 cos 07, -aft 2 -/ 2 sin 07, 0, 0). (9) 

( Fermi- Walker's tetrad vectors er a \ are given in Appendix |Aj). The acceleration depends on r and at 
each e T is different. 

This is why we use Frenet-Serret tetrads for the case of the rotation, not Fermi- Walker ones. In 
this formalism rotation is becoming similar to a linear uniformly accelerated motion, with a constant 
acceleration vector in an instantaneous rest reference frame. 
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4 Correlation Functions for Electromagnetic Field at a Rotating 
Detector 



4.1 Electric and Magnetic Fields in a Frenet-Serret tetrad 

Following formulas ([21 EJ EJ) ; the electric En,\{^i\r) and magnetic H^(/j,\t) fields in the Frenet-Serret 
reference frame \i T at the proper time r of the rotating detector can be given in terms of electric and 
magnetic fields in the laboratory coordinate system: 

(m|t) = -^(41) (H r ) = E il cos a + E 2l sin a - H 3 /3j, 
E(2) (mIt) = F( 42 ) = Ei (— sin a) + E2 cos a, 
E (3) (H r ) = -^(43) = E 3 7 + HiPl cos a + i? 2 /?7 sin a, 
(^|r) = F(23) = Hi j cos a + i? 2 7 sin a + £3/^7, 
#(2)(H T ) = F (3i) = Hi (-sin a) + -£f 2 cosa, 
fl" (3) 0i|r) =F (12) =F 3 7 + J E 1 (/?7cosa) + J E 2 (-/37sina), (10) 

where 7 = 1/(1 — /3 2 ) 1 / 2 , /3 = u/c, « = f2a, a = f^r = fii, SI is an angular velocity of the rotating 
detector, and a is the radius of the rotation circle. 

In these equations Ek and Hk are the electric and magnet field components of the random zero- 
point radiation in the laboratory coordinate system at the location of the rotating detector at its 
proper time r pQ: 

2 r 

E(t) = J2 d 3 fce(fc, X)ho(u) cos[At(t) - w 7 r - 8(Jfe, A)], 

A=l 
2 , 

H(r) = 51 / d 3 /c[fc, e { k, \)}h {uj) cos[kr(r) - lojt - Q(k, A)], (11) 

A=:T 

where the 9(k,\) are random phases distributed uniformly on the interval (0, 2ir) and independently 
for each wave vector k and polarization A of of a plane wave, and 

TT 2 hl(u) = (l/2)hu, r(r) = (a cos SIjt, a sin O 7 r,0). (12) 

Using formulas (|10p we can calculate all two-field correlation functions (-E'( a )(//i|Ti)£ , (^(// 2 |r 2 )), 
(E( a }(ni\Ti)H(fy(iJ,2\T2)), and (Hr a \(fj,i\Ti)H (b)(/U 2 |r 2 )), a, 6 = 1,2,3 of the electromagnetic field at 
the rotating detector. Here () means averaging over random phases 9(k,X) [1] We will start with 

(£(i)(^i|n)£(i)(M2|T 2 )}. 
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4.2 The Correlation Function (£?m(/ii|ri)i/m(//2|T2)): General Expression 

As an example let us first treat with 

^(11) = (£(l)Ol|n)£(l)(^2|T2)>. (13) 

In this expression /xi and \x 2 are two reference frames (tetrads) on the circle of the rotating detector 
at the proper times t\ and t 2 respectively. Then from (|l(jp follows 

1(H) =< E\{ti)Ei(t2) > 7 2 cos ai cos «2+ < Ei{ti)E 2 {t 2 ) > 7 2 cosai sina2 + 
< E 2 (ti)Ei(t 2 ) > 7 2 sinaicosa 2 + < E\{ti)H 3 (t 2 ) > (-l)7 2 cosai + 

< H 3 (ti)Ei(t 2 ) > (-l)/?7 2 cosa 2 + < E 2 {ti)E 2 {t2) > 7 2 sinaisina 2 + 

< E 2 (t 1 )H 3 (t 2 ) > (-l)/?7 2 sinai+ < H 3 (ti)E 2 {t 2 ) > (-l)/?7 2 sina 2 + 

< H 3 ( n )H 3 (T 2 ) > (14) 

The <> expressions can be calculated using (fTTj) . the relationships 

< cos0{k,\)cos6(k',\') >=< sm6(k,X)sm9(k',\') >= h x y 5 3 {k - k'), 

< cos 9(k, < cos 6(k, A) sin 9(k', A') >= 0, 

2 

^2 e i( k > A)' = Sij - ki kj/k 2 = 5ij - kikj, (15) 

A=l 

from [T] and variable change in the integrands 

i i t~ c, l ■ , t c, ai + a 2 ^7(t2 + ti) 

fe I cosa + /s !/ sma = fc'j;, — sin a + k y cos a = k' y , a = = , (16) 

ki = ki/k, i = x,y,z. (17) 
In the final integrand the prime symbol of the dummy variable k' is omitted for simplicity 

< £i(ti)£i(t 2 ) >= J d 3 kR + (- cos 2 a) J d 3 k k 2 x R+{- sin 2 a) J d 3 k k 2 y R, 
< E 1 {t 1 )E 2 {t 2 ) >=< E 2 (t 1 )E 1 (t 2 ) >= - S -^ J d 3 k k 2 x R+ S -^ J d 3 k k 2 y R, 

< Ei(ti)H 3 {t 2 ) >=< Ei(t 2 )H 3 {ti) >= - cos a J d 3 k k y R, 

< Ei(ti)E 2 (t 2 ) >= J d 3 kR + {- sin 2 a) / d 3 k k 2 x R + (- cos 2 a) / d 3 k k 2 y R, 

< E 2 ( n )H 3 (T 2 ) >=< E 2 (T 2 )H 3 (n) >= (-sin a) J d 3 k k y R, 

< H 3 (t x )H 3 {t 2 ) >= J d 3 k k 2 x R + J d 3 k k 2 R, (18) 



and 

R = hl{u) ^coskF, F = c 1 {T 2 -T 1 )[l-k y V -^^\, 5 = a 2 -u 1 = VL 1 {T 2 -T 1 ). (19) 

After some calculations we come to the following expression for 

f 1 S f 1 

/(n) = (^( 1 )(/ii[ri)E , ( 1 )(/i 2 |T 2 )} = 7 2 cosi5 / d 3 k hl(co)- cos kF + 2f3~/ 2 cos - / d 3 fc Aiy /iq(w)- cos /cF + 

~/ 2 [f3 2 - cos 2 -] / d 3 k k 2 x hl{u) coskF + 7 2 [/? 2 + sin 2 -] / d 3 k k 2 y h 2 {cu)- coskF. 



(20) 



This function clearly depends only on the proper time interval t 2 — t\ and does not dependent of 
the central proper time (r\ + t 2 )/2 that is 

1(H) =/(ii)(r 2 -T 1 ). (21) 

General expressions for other CFs can be found in Appendix [Bj They have the same properties and 
also depend only on the proper time interval t 2 — t\. 

4.3 The Correlation Function (E(i)(fii\Ti)E^(fi 2 \r 2 )): Final Expression 

The CF {E^{iii\ti)E(^{^ 2 \t 2 )) can be represented in terms of elementary functions . Completing 
integration of (|20p over k and then over <f> we come to the expression : 

3hc 2 „ f* sm9 

(E^ME^tz)) = 2?r2[c(t2 _ ti)]4 7 {+[2nco S 5]J o #> {1 _ ^ e)7/2 

+ [3irk 2 cos5 -2ircos 2 (5/2) + 2vr/3 2 - 8ir(3kcos(5/2) + vr] / d0- ^ % 

jo (1 — k sin 9)' i 2 

+ [-3vrA: 2 cos 2 (<5/2) + 3vr/3 2 A; 2 - 2irf3k 3 cos(<f/2) + ^k 2 ] F d9- S „ m ° 9 /iW/ „ } (22) 

Jo (1 — A; 2 sin 0) '/ 2 

(see Appendix [O for details). The integrals over in this expression are : 

r sin6> _ 2 8 16 

7o (1 - A; 2 sin 2 9)V 2 ~ 5(1 - k 2 ) + 15(1 - fc 2 ) 2 + 15(1 — A; 2 ) 3 ' ( } 
r sin 3 6» _ 4 16 

Jo (1 - A; 2 sin 2 0)7/2 ~ 15(1 - /c 2 ) 2 + 15(1 - A; 2 ) 3 ' ( ' 
r sin 5 ^ _ 16 

Jo (1 - A; 2 sin 2 9) 7 / 2 = 15(1 - k 2 f (25) 

(see formulas |29J . 1.5.23, 1.2.43) and the constant (not a wave vector k) k = — | — j^— • 
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So the CF (E^(fii\Ti)E^(fi2\T2)) can be represented in terms of elementary functions. Other 
CFs can also be expressed in terms of elementary functions. 

In this form the CFs do not display thermal features. In the next section we will show that the 
CFs should be modified to take their periodicity into consideration. The periodic CF have thermal 
features. 



5 The Spectrum of the Random Classical Electromagnetic Radia- 
tion Observed by a Rotating Detector. 

5.1 Periodicity of the Correlation Functions. 

The two-field CFs at a rotating detector should be periodic because CF measurements is one of the 
tools the detector can use to justify the periodicity of its motion. Mathematically it means that 

/(n)(*2 " *i) = V)^ " h) + -^-n) (26) 

or 

1(11) (72 - t-i) = /(ii) ((72 - n) + — n) (27) 

Here Q = is an angular velocity of the rotating detector and re = 0, 1,2, 3,.... Using (|20f) it is easy to 
show after some trigonometrical transformations that the CF is periodic [05.03.06] if in its integrand 

uj = Qn. (28) 

It means that the rotating detector observes not entire random electromagnetic radiation but only 
the discrete part of it. The discrete spectrum is the same as a rotating electrical charge radiates 
[To] (39.29). 

The final expression (|22p for Im) can not be used to analyze the periodicity consequences because 
the integration over entire continuous spectrum of uj has already been done in it. It is why we have 
used the expression (|20p . before the integration over uj. 

Let us now consider the periodic correlation function I(u) for the discrete spectrum. There are 
two ways to do that. The first one is simpler, just to modify the formula (|20p for I hi) for the discrete 
spectrum. It will be described below in the next section. The second one is identical with the approach 



we have used above for the continuous spectrum but with the modified equations (jlip and relationships 
(|15p for the discrete spectrum. It is described in Appendix [Dl 



5.2 The Correlation Function (£ , ( 1 )(/i 1 |r 1 )_E , ( 1 )(/i2|r 2 )) with the Discrete Spectrum: 
General Expression 

The integrands in (j20[) can be changed according to an obvious relationship 

J d 3 k[ }-h 2 (co)coskF = ^- J dO[ ]S, (29) 



where 



f ■ k 
S= cIkk^coskF^, dO = d0d(f)sm9, k= — , (30) 

J fen 



and 



f v sin 5/2 
"'c~5/2~^ 



F d = k F = 5[1 - k y p^-], (31) 



The expressions in [ ] are 1, k y , k%, or ky and do not depend on k = k/k$. 

For the discrete spectrum case the integration in (|29[) over k should be changed to summation over 
n. So the the only term to be changed is S. It becomes ( in new notations) 

oo 

S d = ^n 3 cos nF d . (32) 
o 

Then the periodical CF, corresponding to (|20p . with the discrete spectrum can be given in the form 

chk 4 f S f 

{E {1) {m\T 1 )E {l) {n 2 \T2))d = { 7 2 cos5j dOS d + 2p 1 2 cos-j dOk y S d + 

7 2 [/3 2 - cos 2 5 -] J dO k 2 x S d + 7 2 [/3 2 + sin 2 ~] J dO k 2 y S d }. (33) 

The physical sense of the correlation functions with the discrete spectrum can be understood if we 
use the Abel-Plana formula to analyze S d . It will be done in next sections. 

5.3 The Abel-Plana Formula. 

The Abel-Plana summation formula [5].|23j. [TTJhas the form: 

t fin) = I" /(,) * + M + i r * /(i t /( r" . (34) 
^ Jo 2 Jo e Znt - 1 



Having utilized this formula for (|32p with f(n) = n 3 cos nFd and following [23J we come to the following 
expression for Sd 

B*fi, = f iw f cos^F) + f . ^^f ' , F = §, (35) 
or after integration to: 

6 r 3-2sin 2 (F d /2) 6 

+ [ 8sin 4 (F d /2) J?p (36) 

So now 5^ is broken into divergent and convergent parts and both expressions are very similar to pQ 
(74). (Another form of Sd is given in Appendix [El) 

Let us compare the expression (|35|) for Sd with the expression [T] (74) 

f°° , 3 , / ftw N f°° r i f°° 7 2uj 3 

/ oww coth(— — j coscjt = / dwoi cos o»r + / du—f- — cosui (37) 
JO 2/cT Jo jo efc? -1 

which is the Fourie component of the spectral function ifocj coth of the electromagnetic radiation 
with Planck's spectrum at the temperature T, with the zero-point radiation included. 
The right sides of these expressions are very similar and have the Planck's factor l/(exp fe s —1) if we 
define in (i35j) ci new constant, £t rotcttion temperature, T ro f according to 

Trot = 2^- (38) 

The Planck's factor is a sign that some thermal effect accompany the detector rotation in the random 
classical zero-point electromagnetic radiation. There is also a significant distinction between them 
though. In the first expression F = t(l — ky) ^™^ 2 an d cosh are used instead of t and cos respectively 
in (|37p . The coefficient Fd depends on both 9 and (j) because k y = sin 6 sin cf). It means that the thermal 
radiation observed by the rotating detector defers from the Planck's radiation and it is anisotropic. 

For F = and t=0, when two observation points, t\ and r%, coincide the right sides of both 
expressions are identical. This remarkable resemblance brings up the idea that the energy density, one- 
observation-point quantity, of the random classical electromagnetic radiation measured by a detector, 
rotating through a zero point radiation, has the Planck spectrum at the temperature T ro t (I38p . This 
issue will be discussed in the next section. 



10 



5.4 The Energy Density of Random Classical Electromagnetic Radiation Ob- 
served by a Rotating detector and Planck's Spectrum 



Using (jlOp the energy density measured by the rotating observer at a reference frame \x 

W (A0 = ^ E ( + (H 2 {a) (v\r)) ) (39) 

a=l 

can be given in terms of electric and magnetic fields measured in the laboratory coordinate system 

wQi) = ^{ [ {El) + (El) ] 7 2 (1 + /3 2 ) + (El) }, (40) 

where as we will show below (Ef) = (Hf), i = 1,2,3. 

With the help of the formulas from Appendix [D] and using the technique, described above for a 
discrete spectrum we come to the following expressions 

(Ef) = (Hf) = ^ ~ © E n " (41) 

'' " n=0 

for i = 1,2,3 and finally after integration over 9 and (ft : 

»W = ^^« 4 E" 3 (42) 

n=0 

If we take into consideration the Abel-Plana formula (|35p for Fa = this expression can be given in 
a form more convenient for physical interpretation 

2 (4 7 2 - 1) 

w(fl) = Wem(T rot ), (43) 

where 

h f°° 1 f°° cj 3 

w em (T rot ) = — ( y o ^-u, 3 + y o ^ eWfcTrot _ 1 )• (44) 

w em (T) is the energy density of the electromagnetic field observed by an inertial detector in Planck's 
spectrum at the temperature T [lj . It consists of two parts. The first one, divergent, is a zero-point 
energy density and the second one, convergent, is a part of the energy density due to a temperature 
T ro t |28j. 

Thus the detector rotating in the zero-point radiation under the temperature T = observes not 
only original zero-point radiation but also the radiation determined by the parameter T ro t- We can 
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interpret T ro t now as the temperature associated with the detector rotation. 
Indeed, after integration over u the second convergent term is 



2(4 7 2 - 1) 

TO") = o WMack, (45) 



where 



Wblack = 4 6^ T ^ = (46) 

is the energy density of the black radiation at the temperature T ro t [[20], (60,14)], ks is the Boltzman 
constant, and a is the Stefan-Boltzman constant. 

So, due to periodicity of the motion, the energy density observed by a detector rotating through 
a zero-point radiation and the energy density observed an inertial detector in a thermal bath at 
the temperature T rot = |S are connected by the formula (l45|) . The factor |(47 2 — 1) comes from 
integration in (|4*H over angles and is a consequence of anisotropy of the electromagnetic field measured 
by the rotating observer. 

6 Classical Massless Zero-Point Scalar Field at Rotating Detector. 
6.1 Correlation Function and Tetrads. 

The field i/) s ([j, t \t) in a tetrad \i T has the same form as in the laboratory coordinate system, ip s ( T ) > 
taken in the location of the tetrad, because it is a scalar. Then the correlation function measured by 
an observer rotating through a classical massless zero-point scalar field radiation has the form: 

{iI) s {hi\t{)%I) s (h2\t2)) = (^ s (ti)V> s (t 2 )), (47) 

where [1] 

ip s {n) = J d 3 kif(oji)cos{kif(Ti) -ujan - 9(h)}, i = l,2 (48) 

and 

- l he 2 

(cos Oih) cos 6(k 2 )) = (sin 6(h) sin 6 (k 2 )) = -5 3 (h - k 2 ), f 2 (u 



2 v 1 z/ ' J x ' 2tt 2 uj 
(cos 9(k\) sin 9(k2)) =0, r(rj) = (a cosf^Tj, a sinfiri, 0). (49) 
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Using these expressions and substitution (|16p in the integrand we get the expression : 

(V>.(Mi|n)^(/i2hO> = / d 3 kf(u)^coskF (50) 

After integration over positive k = u>/c, it becomes: 

he r 7 * 

(M^\ri)M^\T 2 )) = J d9 sm6 J # [£ sin^-Sp 2 , (51) 

where B = ^tc, E = 2a sin 9 sin , and r = r 2 — Tj, . 

Because B — \E\ = cjt{1 — || sin 6* ^^^p-|} > cyr(l — v/c) > 0, and using [29] we obtain : 

f 2n 1 _ 27rB 

Jo ^ [E Sin0-S]2 " (£2 _ £2)3/2' ( 52 ) 

Having integrated over we come to the final expression for the CF of the random classical massless 
scalar field at the rotating detector moving through a zero point fluctuating massless scalar radiation: 

he l 

(7(72 — Tijc)^ — 4H sin n i — lJ - 
This correlation function received in the classical approach is identical to the positive frequency 

Wightman function [9] (3) up to a constant. 

In the scalar field CF is periodical for the same reasons it is periodical in the electromagnetical 

fields. We have not yet taken into consideration the periodicity of this CF connected with the rotation 

of the detector in the scalar field. This issue is investigated below. 



6.2 Periodicity of the Correlation Function, Abel-Plana formula, and the Planck's 
Factor. 

The equation (|50p can be given in the form 

hck 2 f f 

(■0 s (/xi|r 1 )^(jU 2 |r 2 )) = I dO J dKKCosnF d . (54) 

If this function is periodic its spectrum should be k = j^- = n = 0, 1, 2, .. and then 

hck 2 f 00 

(^ s (//i|ri)V' s (At2|r 2 )) d = -^f / d ° ^ncosnF d . (55) 

n=0 

Abel-Plana summation formula in this case is 

r 00 f°° 2t coshtF d 

/ n cos nF d = / dttcostF d — / dt — 5-7 (56) 

Z^n Jo Jo & - 1 



n=0 
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or 



f2 2 ^ n cos nFd = / du> u cos ujF — I duo j- , (57) 

n=o Jo Jo - 1 



where T rot is defined in 
Then 



ft C f°° ~ f 00 2cj cosh. ujF 

{ip s {m\Ti)il) s (n2\T2))d = -r~n- dO { du ujcosujF - / doj j- } (58) 

4vHc J Jo Jo e vrv7 t _ i 



The expression in { } is similar to the right side of the expression pQ, (27) for the correlation 
function of the detector at rest in Planck's spectrum at the temperature T 

f°° , i f°° , f°° , 2wcoswt 

/ dijjuj coth cos u)t = / duocosujt+ I du> — j- . (59) 

Jo 2A;T Jo Jo e vr — \ 

M 

The appearance of the Planck's factor (e kT rot —1) 1 shows the similarity between the radiation observed 
at the rotating detector in the massless scalar zero-point field and the radiation spectrum observed by 
an inertial observer placed in a thermostat filled up with the radiation at the temperature T = T rot . 
But there is also distinction between them. F and cosh are used in the first expression whereas t and 
cos are used in the second expression respectively. The F is a function of 9 and <p. It means that a 
thermal radiation observed by the rotating detector moving in the massless scalar zero-point radiation 
is anisotropic. 

The resemblance between both expressions becomes closer if t = and F = and two points of 
an observation agree. Both expressions are identical. But in the case of one-point observation which 
occurs when F = it is better to consider the energy density of the scalar massless field. This brings 
us to the next section. 

6.3 The Energy Density of Random Classical Massless Scalar Field Observed by 
a Rotating Detector and Planck's Spectrum. 

Let us consider the energy density (T^ (//)) of the massless scalar field at the detector rotating through 
the zero-point massless scalar field. It can be expressed in terms of the tensor of energy-momentum 
Tik at the location of the detector in the laboratory coordinate system [32] as 



(T (44 )(m)> =M l (4)M?4)(^iO (60) 
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where n % a are tetrads. The energy-momentum tensor is [6] (2.27) 

T ik = ip,iip,k ~ 7;VikV rs ' t P,rip,s, rjik = Vik = diag(l,l, 1, -1) (61) 
Using (f48l) . (l49j) . and Prenet-Serret tetrads it is easy to show that 

(T n ) = (T 22 ) = (T 33 ) = \(T 44 ) = — [ dkk 3 = ^ fdK K 3 (62) 

o 7T J 7TC J 



(T (44) (//)) = (T44) = 3- / (63) 



and 



3 ' 3 7TC 

This expression with periodical features taken into consideration has the following form 

2 -l 

3 7TC 



C^(44) (f J >))d = — ^ - ^3^ 4 E« 3 (64) 

n=0 

or 

(T (41) W), = Vrf ! li, "V + /„ * >./«■„. -I " » < 65 > 
Let us compare this expression and the expression for the energy density of the massless scalar 
field with the Planck's spectrum of random thermal radiation at the temperature T along with the 
zero-point radiation in an inertial reference frame 

(T44)r = 2 [( aR } + + + ( ^7 } 1' (66) 



where [T] 



^ T = / d 3 k f T (u) cos [ &r - u)t - 0(k) } (67) 



and 



-2 / \ c 2 ft r 1 1 



It is easy to show that 



and 



7r 2 uo 2 exp(huj/kT) — 1 



PidT-^ ^ + i„ ^SETH^)- < 69 > 



(T (44) (/i)) d = l7 Q J (T 44 ) Trot . (70) 
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So, due to periodicity of the motion, an observer rotating through a zero point radiation of a 
massless random scalar field should see the same energy density as would see an inertial observer 
moving in a thermal bath at the temperature T rot = ^| when multiplied by the factor §(4 7 2 — 1). 
This factor comes from integration over angles and is a consequence of anisotropy of the scalar field 
measured by an observer with velocity (3. 

7 Discussion 

The thermal effects of non inertial motion investigated in the past for uniform acceleration through 
classical random zero-point radiation of electromagnetic and massless scalar field are shown to exist 
for the case of rotary motion also. 

The rotating reference system {/J> T }, along with the two-point correlation functions (CFs) and en- 
ergy density, is defined and used as the basis for investigating effects observed by a detector rotating 
through random classical zero-point radiation. The reference system consists of Frenet -Serret orthog- 
onal tetrads fi T . At each proper time r the rotating detector is at rest and has a constant acceleration 
vector at the jJL T . 

The two-point CFs and the energy density at the rotating reference system should be periodic 
with the period T = ^y, where $7 is an angular detector velocity, because CF and energy density 
measurements is one of the tools the detector can use to justify the periodicity of its motion. The 
CFs have been calculated for both electromagnetic and massless scalar fields in two cases, with and 
without taking this periodicity into consideration. It turned out that only periodic CFs have some 
thermal features and particularly the Planck's factor with the temperature T rot = 2 ^jj? (ks is the 
Boltzman constant). Mathematically this property is connected with the discrete spectrum of the 
periodic CFs and its interpretation based on the Abel-Plana summation formula. 

It is also shown that energy densities of the electromagnetic and massless scalar fields observed by 
the rotating detector are respectively 



w(fi) 



2 (4 7 2 - 1) 



3 



and 



<T(44)0*)>d 



2(4 7 2 - 1) 



(Tu)t, 



9 



rot ' 
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The w em (T rot ) and (T 44 )T rot are Planck's energy densities of electromagnetic field and massless scalar 
field respectively observed by an inertial detector at the temperature T ro t along with their random 
zero-point radiation. 

This thermal effect is masked by factor |(47 2 — 1) for the electromagnetic field and §(47 2 — 1) for 
the massless scalar field, where 7 = (1 — (^p) 2 )" 1 / 2 . Appearance of these masking factors is connected 
with the fact that rotation is defined by two parameters, angular velocity and the radius of rotation, 
in contrast with a uniformly accelerated linear motion which is defined by only one parameter, accel- 
eration a. As a consequence the thermal effects observed by detectors rotating with the same angular 
velocity on different circumferences are different. The further detector is from the rotation center the 
greater energy density it sees. If r — > 00 then w(fi) — > 00 and (T( 44 ) (fJ,))d — ► 00. Appearance of the 
masking factors is connected with the fact that rotation is defined by two parameters, angular velocity 
and the radius of rotation, in contrast with a uniform accelerated linear motion. The latter is defined 
by only one parameter, acceleration "a". 

Some of the results discussed in this paper have been obtained in [21] using reference systems 
consisting of global instantaneous inertial reference frames, not tetrads. 

APPENDIX 



A Frenet-Serret Orthogonal Tetrads 

The Frenet-Serret orthogonal tetrad mentioned in the section can be associated with each point of 
the time-like world line of a moving detector. The vectors of the tetrad are defined by the equations 
[32](55): 

ZV( 4 ) = 

ZV(1) = C/i'pj +tyi(4)> 

Dn\ 2) =dfi\ 3) -c> l (1) , 

ZV( 3 ) = -dtf m (71) 
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together with 

M(4)M(4)i = -1) = M(2)M(2)i = M(3)A*(3)i = 1- ( 72 ) 

They are also orthogonal : 

M(o)M(6)i = *7(o6), »7(a&) = dm#(l, 1,1,-1), a, 6 =1,2,3,4. (73) 

In the flat space-time, with metrics tfafc=diag(l, 1,1,-1), D = ^ where r is a proper time of the detector. 
Let 

M(4) = — = M(4) = ( _ ^7 sin «! 07 cos «> °> 7), (74) 

where U l is a 4 vector velocity of the rotating detector in the laboratory coordinate system, (3 = 
v/c= Qa/c, 7 = (1 - /3 2 ) _1/2 , a = Qjt, and O, a are an angular velocity and the circumference radius 
respectively of the rotating detector. It is easy to check that the set of the 4-vectors (JSJ is a solution 
to this equation system, with the coefficients 

b = -(3n-f 2 , c = O7 2 , ; d = 0. (75) 

In a Fermi-Walker tetrad [26] (9.148, 4.139, and 4.167), tetrad vectors are defined as 

= (e(a)A)U k /c 2 - (e^Utpk/c 2 (76) 

and can be given in the form [26] 4.167 

e (i)fc = ( cos a cos 07 + 7 sin a sin 07, sin a cos 07 — 7 cos a sin cry, 0, —i(v^/c) sin 07), 
e (2)fc = ( cos a sin cry — 7 sin a cos 07, sin a sin cry + 7 cos a cos 07, 0, +«(i>7/c) cos cry), 

e (3 )fc = (0,0,1,0), 



(4)fe = (2-7 sin a, —i-7 cos a, 0,7). (77) 



c 



In [26] 4.167 the metrics is chosen in the form = (1, 1, 1, 1). 

B Other Correlation Functions of Electromagnetic Field at a Ro- 
tating Detector: General Expressions 

The general expression for {E^(hi\ti)E^(/j,2\t2)} has been received in the section (|4.2p The other 
diagonal electric field components of the CFs are as follows: 
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(£(2) (/xi |n) #(2)0^2^2)) = (Ei(ri)Ei(T2))sinaisina 2 + (Ei(t 1 )E 2 (t 2 ))(-1) sin ai cosa 2 + 

(£ 2 (n)-Ei(nO)(-l) cosai sina 2 + (E 2 (ti)Ei(t 2 )) cos ai cos a 2 (78) 



(E( 3 )(/xi|ri) £ (3 )(/x 2 |t 2 )) = -7 2 ^cosai(£ , 3 (T 2 )i7i(n)) - 7 2 - cos ^(^(^^(n)) - 

7 2 - sinai(^3(r 2 )i? 2 (ri)) - 7 2 ~ sina 2 (ff 2 (r 2 )i2 3 (Ti)) + 7 2 (-) 2 cos a 2 cos ai{Hi(T 2 )Hi (ti)} + 
c c c 

7 2 ( - ) 2 sin a 2 sin aj (il 2 (n ) H 2 (n ) ) + 7 2 ( - ) 2 cos a 2 sin ai (Hi (r 2 ) i? 2 (tj ) } + 
c c 

7 2 ( - ) 2 sin a 2 cos ai (ff 2 (n ) #i (n ) ) (79) 



Is easy to show that they depend on the difference 5 = a 2 — a\ only. 



(v3 (2) (/xi|ti).E ( 2)(/X2|t2)) =cos<5 J d 3 k R + sin 2 - J d 3 kk 2 x R + (-1) cos 2 - J d 3 kk 2 y R. (80) 

(£ (3) ( W |ti)# (3) (/X2|t2)) =7 2 ^2 cosd J d * k R + 7 2 ^(-2) cos ~ J d 3 kk y R + 

7 2 [1 - ^ cos 2 ~] / d 3 kk 2 x R + 7 2 [1 + ^ sin ' £l / ^ * ( 81 ) 
The non diagonal components of the correlation function are zeroes : 

(£(i)(wln) £( 2) (/x 2 |t 2 )) = (£ ( i)(/x 2 |r 2 ) E( 2 )(/xi|n)) = 0, 
(£(i)(/n|n) £( 3 )(/x 2 |t 2 )) = (£?(!) (/i 2 |r 2 ) S( 3 )(/Xi|n)> = 0, 

(S( 2) (/xi|n) ^( 3 )(/i2|T 2 )) = (^ (2 )(/x 2 |r 2 ) S (3 )(/ii|n)) = 0, (82) 

Similar expressions have been received for the CF with magnetic field components. So all CFs can be 
given as 3-dimensional integrals over (k,9,4>). 

C Integral calculations: final expression for (E , ( 1 )(/i 1 |ri)E , ( 1 )(/^ 2 |T2)). 

All non zero expressions for CFs in the section (|4.3p should be integrated over k, 6 , and 4>. The 
integral over k can be easily calculated: 

6 . „ 6 



f°° n 

/ dfc/c cos{A;(2r sin — sin# sin <fi — c(t 2 — n))} 
Jo 2 



{2rsin§sin0sin</> - c(i 2 - h)Y 
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= __6 1 (83) 

[c(<2 " *i)] 4 [1 -2 2^2 S i n e sin <f>]± 

The integrals over 9 and can be represented in terms of elementary functions. Let us show it for 
(£(i)(Ml|n)-E(i)(>l|T2)) 



dO 



(EiiM\n)E {1) ^\r 2 )) = 27r2[c(t2 _ ti)]4 7 2 y o 

x { (cos 5 sin + (- cos 2 i + ^) sin 3 0) # 

v •>„ /" 2,r ,, sincA , /" 27r , , sin 2 6 , , , N 

+ -2- cos -)sm 2 6» / #- y — + sin 3 6> / #- -— — -j }, 84) 

v c 2 ; J ^(l + 6sin0) 4 J Q ^(l + 6sin0) 4 J ' v ; 

We have taken into consideration here that 

k x = sin 6 cos (f>, k y = sin 6 sin 0, fc 2 = cos (85) 

and used notations b = k sin9, k = — ^ s '^ / f/ 2 ■ So k is a constant, not a wave vector. 
The next step is to calculate the integral over <f>. Because [12] . 

r-2-K 

Jo ' 



2- 



and 

r2w 





tt(2 + 3b 2 ) 


(1 + 6 sine; 


6)4 (1-62)7/2' 


sine/) 


-6tt(4 + b 2 ) 


(1 + 6sin<^> 


)4 (! _ 6 2)7/2 


^ sin 2 4> 


vr(l + 46 2 ) 


(1 + 6 sine; 


6)4 ~ (1 _ 62)7/2' 



the correlation function takes the form (1221). 



(86) 



(87) 



D The second way to receive the (£?m(/ii|n)^(i)(^2|T2)) f° r the Dis- 
crete Spectrum. 

In the section (|5.2[) we have obtained the general expression for the CF (£ , ( 1 )(/^i|ti)£ , ( 1 )( / U2|t2)) for 
the discrete spectrum. 

Here we show that it can be received in a different way. For the discrete spectrum the equations 
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(fTTj) should be modified to: 

oo 2 



E(f,t) = a Mo^£(M)^K) cos[k n f- u; n t - @(k n , A)], 

n=0A=r 

co 2 . 

H(f,t) = a ^2^2 dokl[k,e(k,X)]h (uj n ) cos[k n f- io n t - @(k n , A)], 



n=0 A=l 

fen = ^n^! &n = ^0 n j ^0 = — > Wn = CK n , cfo = d9 d(j) Sm9, 

C 

k = (k x ,ky,k z ) = (sin 9 cos <f>, sin sin <^>, cos 9 ) , a = k$. 

The unit vector defines a direction of the wave vector and does not depend on its value, n. 

The right side of the first equation in the relation (|15p should be modified. We do it in two steps. 

First we rewrite them in a spherical momentum space [TU], p. 656 as : 



1. 7> , 1, 2 

U2 
"1 



{ C os9(k 1 X l ) C o S 9{k 2 X 2 )) = (sinfl^iAOsin^Aa)) = l5 XlX2 5 3 (h - k 2 ) = l5 XlX2 ^5(h - k 2 )5(h - fa). (90) 



And then, in the case of the discrete spectrum, it takes the form: 

-, 1 2 * * 

(cos 9(k ni X 1 ) cos 9 (k n2 X 2 )) = {sixi9(k ni X 1 )sm9(k n2 X 2 )) = tt^AiA 2 7—71 ^^n^^i - k 2 ). (91) 

1 fc (fco n iJ 

The equation ^A=l ^i(kX)ej(kX) = <5jj — fcjfcj does not depend on n. The correlation function finally 
takes the form (I33T32D 



E Another expression for S a 



The sum Sd has been calculated in (|36p . It can also be given in a different form: 

Q OO 11 l 

5d = ^ + 6 S(2^) 1 [ (1 + F d /2im)* + (1 - F d /2*n)* V (92) 
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